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Abstract

We study the effects of factor income taxation on the dynamics
of equilibrium paths. When net of taxes returns are treated as fiscal
parameters, endogenous fluctuations may emerge as a consequence of
Hopf bifurcations. A technique based on the rank of Bezout matrices
for polynomials associated to the Jacobian matrix is used to compute
the Hopf points.
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1 Introduction

The emergence of cyclical dynamics is a result displayed by several models of
dynamic economies. In the multisector model of optimal economic growth,
the occurrence of a Hopf bifurcation is a well established result (see Benhabib
and Nishimura [2], Medio [14], Benhabib and Rustichini [3] and Cartigny
and Venditti [6]). The result hinges on the evolution of relative prices being
sufficient to make it optimal to invest and disinvest in a cyclical manner.
Following Iooss and Joseph [9], Zhang [18] provides analytical tools for the
construction of the periodic solutions as power series amplitude equations.
The present paper addresses computational aspects of Hopf points in the
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standard model of second-best efficient taxation of factor income put forth
by Chamley [7]. We investigate the relationship between the use of factor
taxes as fiscal parameters in the steady state and the possibility of induced
endogenous fluctuations, especially the computational aspect. Under this
respect, we depart from the standard literature on the optimal policy mix
(see, e.g. Atkinson and Sandmo [1], Chamley [7], Jones et al. [10], Judd
[11], [12], Mirrlees [15], Ordover and Phelps [16], and Phelps [17]) where the
tax rates are always designed so as to solve the intertemporal maximization
problem.

Our interest does not lie in the construction of amplitude equations nor
in investigating the legitimacy of simulations when the dynamical system is
not hyperbolic. Rather we focus on techniques for the computation of Hopf
points, i.e. where the necessary conditions for the Hopf bifurcation are met.

The paper is organized as follows: Section 1 reviews the standard model of
factor income taxation. Section 2 characterizes conditions for the existence
of Hopf points. Section 3 deals with the computation of the Hopf points
by using a technique based on the rank of Bezout matrices for polynomials
associated to the Jacobian matrix. Section 4 ends the paper with a summary
of the results.

2 The model

The following analysis is framed inside the standard model of second-best
taxation of Chamley [7]. Instantaneous utility depends on both consumption
and labor effort,

u (c, l) ,
c1−σ

1− σ
+ L (1− l) (1)

where σ is a strictly positive parameter, and L is utility from leisure. The
functions L and u are such that the current value Hamiltonian of the second-
best problem can be written as

H = υ (w̄, q) + ξq (ρ− r̄) + λ [f (k, l)− c− g]

+µ [r̄b+ r̄k + w̄l − f (k, l) + g] + νr̄ (2)

where υ is an indirect utility function; the private subjective time preference
rate is ρ; r̄ and w̄ denote net-of-taxes interest and wage rates, respectively;
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the standard constant returns to scale production function is f ; b is govern-
ment debt, k is capital, g is government spending, ξ, λ, µ, and ν are Lagrange
multipliers.

Net investment is
·
k = f (k, l)− c− g (3)

and
·
b = r̄b+ r̄k + w̄l − f (k, l) + g (4)

is the instantaneous increase in public debt.
The constraints

u
′

c = q, u
′

l = −qw̄ (5)

and
·
q = (ρ− r̄) q (6)

ensure that the planner’s solution meets the conditions for static and dynamic
utility maximization on the part of private agent. Lump-sum taxation of
capital income is ruled out by the constraint

r̄ ≥ 0 (7)

binding for t ∈ [t0, τ1].
The efficient policy-mix satisfies the three equations

·
ξ = ρξ − ∂H

∂q

·
ξ = ρξ − v′q − λ

(
l′qf
′
l − c′q

)
− µl′q (w̄ − f ′l ) (8)

·
λ = ρλ− ∂H

∂k
·
λ = λ (ρ− f ′k)− µ (r̄ − f ′k)−

∂H

∂k
(9)

and
·
µ = (ρ− r̄)µ (10)

∂H

∂w̄
= 0

∂H

∂r̄
= −ξq + µ (b+ k) + ν = 0
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3 Hopf points

The Jacobian matrix in the vicinity of the steady state is (see Chamley [7])

J =

 r + wlk wlq − cq 0
−qrk − qrllk −qrllq 0

· · ρ

 (11)

The following theorem states conditions under which such a growth path
experiences a Hopf bifurcation into periodic orbits during the initial phase
of efficient strictly positive capital income taxation. When this is the case,
the dynamics display endogenous perpetual fluctuations and do not converge
to the steady state. Moreover, the dynamics are characterized by a strictly
positive capital income tax and are conservative, thus repeating themselves
over and over to infinity with the same periodicity (unless exogenous shocks
move the economy to a different orbit). In this state, the tax on capital
income keeps efficient always, in the long-run as well. Chamley [7] result is
restricted to the class of second-best efficient economies which have a sta-
tionary long-run dynamics. The following characterizes a class of economies
with endogenous perpetual fluctuations where the long-run tax rate on cap-
ital income is not zero.

Theorem 1 Assume
a) −q (rk + rllk) (wlq − cq) < (r + wlk) (−qrllq) in a neighborhood of r =

−wlk + qrllq;

b)
[
∂ξ(r)
∂r

]
r=r∗
6= 0.

Then the system

(
·
k,
·
q

)
undergoes a Hopf bifurcation.

Proof. The sub-matrix

M =

[
r + wlk wlq − cq

−qrk − qrllk −qrllq

]
(12)

has eigenvalues which are solutions to the polynomial equation

ς2 − (a+ d) ς + ad− bc = 0 (13)
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where

a , r + wlk (14)

d , −qrllq (15)

b , wlq − cq (16)

c , −qrk − qrllk (17)

So we may write
ς1,2 , ξ (δ)± iη (δ) (18)

where
ξ (δ) , a+ d = r + wlk − qrllq (19)

At the Hopf point, r = r∗ such that

ξ (r∗) = 0, (20)

This implies
d = −a⇔ r = −wlk + qrllq (21)

Then (13) reduces to
ς2 + ad− bc = 0 (22)

and
ς1,2 = ±iη (δ) , ± (bc− ad)1/2 (23)

where
bc− ad = −q (rk + rllk) (wlq − cq) + (r + wlk) (qrllq) (24)

For the eigenvalues to be purely imaginary, it is needed

−q (rk + rllk) (wlq − cq) < (r + wlk) (−qrllq) (25)

Moreover [
∂ξ (r)

∂r

]
r=r∗
6= 0 (26)

(see Iooss and Joseph [9]).
The weakness of this theorem is that it relies on assumptions which are

not easy to give a clear economic meaning to and that capital income taxation
seems to be zero on average.
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4 Computation of Hopf points

The Jacobian matrix in the vicinity of the steady state is (see Chamley [7])

J =

 r + wlk wlq − cq 0
−qrk − qrllk −qrllq 0

· · ρ

 (27)

One eigenvalue is ρ and is always positive. The dot represents a nonzero
element. Hence we confine our study to the submatrix (12)[

r + wlk wlq − cq
−qrk − qrllk −qrllq

]
The coefficients of the matrix depend on the fiscal parameters. Its charac-
teristic polynomial is

p (ς) = c0 + c1ς + c2ς
2 (28)

The nonzero vector (ς,−ς) is a root pair of (28) if and only if ς is a common
root of the equations p (ς)+p (−ς) and p (ς)−p (−ς). Letting z = ς2 we have
the system

re (z) = c0 + c2z

r0 (z) = c1 + c3z (29)

Clearly, p (ς) has a nonzero root pair (ς,−ς) if there exists z such that(
re (z)
r0 (z)

)
= 0

LetB denote the Bezout matrix associated with (re (z) , r0 (z)). Then, straight-
forward application of Theorem 2.5 in Guckenheimer et al. [8] gives

Theorem 2 The matrix J has precisely one pair of pure imaginary eigenval-
ues if det(B) = 0 and det(B0) ·det(B1) > 0. If det(B) 6= 0 or det(B0) ·det(B1) <
0, then p (λ) has no purely imaginary roots.

Proof. (the proof is given here for ease of reference)
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5 Conclusions

We study the effects of factor income taxation on the dynamics of equilib-
rium paths. When net of taxes returns are treated as fiscal parameters,
endogenous fluctuations may emerge as a consequence of Hopf bifurcations.
A technique based on the rank of Bezout matrices for polynomials associated
to the Jacobian matrix is used to compute the Hopf points.

References

[1] Atkinson, A.B., Sandmo, A., 1980, Welfare implications of the taxation
of savings, The Economic Journal 90, 529-549

[2] Benhabib, J., Nishimura, K., 1979, The Hopf Bifurcation and the Exis-
tence and Stability of Closed Orbits in Multisector Models of Optimal
Economic Growth, Journal of Economic Theory, 21, 421-444

[3] Benhabib, J., Rustichini, A., 1990, Equilibrium Cycling with Small Dis-
counting, Journal of Economic Theory, 52, 423-432

[4] Benhabib, J., Rustichini, A., 1994, Introduction to the Symposium on
Growth, Fluctuations, and Sunspots: Confronting the Data, Journal of
Economic Theory, 63, 1-18

[5] Benhabib, J., Rustichini, A., 1997, Optimal taxes without commitment,
Journal of Economic Theory 77, 231-259

[6] Cartigny, P., Venditti, A., 1994, Turnpike Theory: Some New Results
on the Saddle Point Property of Equilibria and on the Existence of
Endogenous Cycles, Journal of Economic Dynamics and Control, 18,
957-974

[7] Chamley, C., 1986. Optimal taxation of capital income in general equi-
librium with infinite lives. Econometrica 54, 607-62

[8] Guckenheimer, J., Myers, M., Sturmfels, B., 1997, Computing Hopf
bifurcations I, SIAM Journal of Numerical Analysis 34 (1), 1-21

[9] Iooss, G., Joseph, D.D., 1981, Elementary Stability and Bifurcation
Theory, Springer-Verlag: New York, Heidelberg, Berlin.

7



[10] Jones, L.E., Manuelli, R., Rossi, P., 1997. On the optimal taxation of
capital income. Journal of Economic Theory 73, 93-117

[11] Judd, K.L., 1985, Redistributive taxation in a simple perfect foresight
model, Journal of Public Economics 28, 59-83

[12] Judd, K.L., 1999, Optimal taxation and spending in general competitive
growth models, Journal of Public Economics 71, 1-26

[13] Kurz, M., 1968, The General Instability of a Class of Competitive
Growth Processes, Review of Economic Studies, 35, 155-174

[14] Medio, A., 1987, Oscillations in Optimal Growth Models, Journal of
Economic Behavior and Organization, 8, 413-427

[15] Mirrlees, J.A., 1996, The theory of optimal taxation, Handbook of Math-
ematical Economics, vol. III, 1197-1249, edited by K.J. Arrow and M.D.
Intriligator, North-Holland

[16] Ordover, J.A., Phelps, E.S., 1975, Linear taxation of wealth and wages
for intragenerational lifetime justice: some steady-state cases, American
Economic Review 65, pp. 660-673

[17] Phelps, E.S., 2002, Taxing income from wealth in the Ramsey model:
the difference balanced-budget restraint makes, in Kevin Assett, ed.,
Tax Policy and Inequality, American Enterprise Institute, Washington
D.C.

[18] Zhang, W., 1998, Hopf bifurcations in multisector models of optimal
economic growth, Economics Letters 26(4), 329-334

8


	cover_WP_EF_8
	WP_8

